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Abstract— We present an interactive and stable multi-contact
dynamic simulation algorithm for rigid bodies. Our approach is
based on fast frictional dynamics (FFD) [14], which is designed
for large sets of non-convex rigid bodies. We use a new friction
model that performs velocity-level multi-contact simulation
using impulse decomposition. Moreover, we accurately handle
friction at each contact point using contact distribution and
frictional impulse solvers, which also account for relative
motion. We evaluate our algorithm’s performance on many
complex multi-body benchmarks with thousands of contacts.
In practice, our dynamics simulation algorithm takes a few
milliseconds per timestep and exhibits more stable behaviors.

I. INTRODUCTION

Rigid body dynamics is widely studied in different domains,
including robotics, haptics, and physically-based modeling.
There is extensive literature in the field on collision detection
and contact resolution. Some of the main challenges include
handling complex contact scenarios with non-penetration
constraints and performing such simulations at interactive
rates.

There is considerable work on collision detection between
rigid models and current methods can efficiently check for
collisions using discrete or continuous methods. Many tech-
niques have been proposed for collision response. The sim-
plest algorithms are based on penalty forces, which compute
a response force as a function of the penetrating distance.
However, these methods may not be stable, especially when
there are multiple contacts. Other sets of algorithms are based
on impulse velocity approaches, which are more accurate and
more stable than penalty-based methods [18]. Some of the
most popular methods for rigid body dynamics are developed
based on applying Linear Complementarity Programming
(LCP) [17], [2]. The LCP model has been widely studied and
used for rigid simulation [3]. However, LCP-based methods
can be expensive, especially for interactive applications.

A key issue in rigid body dynamics is accurate resolution
of contacts. Current methods can be very sensitive to small
variations in the configuration and position of the contacts.
In scenarios with multiple contacts, this sensitivity can result
in high variation in the resulting simulation [5]. Moreover,
the accurate computation of frictional forces also remains a
major challenge.

Fast frictional dynamics (FFD) is an alternative method for
rigid body dynamics that is used to simulate large sets of
non-convex objects[14]. It uses a different friction model in
the configuration space of rigid bodies along with quadratic
programming (QP) to model these contacts. It is quite fast

in practice and can handle thousands of non-convex objects
with multiple contacts. However, due to the approximation
of normal impulse distribution by a projection operation,
the modeling of friction may not be robust. Moreover, the
algorithm may not be able to correctly model friction caused
by relative motion.

Main Results: We present an improved FFD algorithm for
multi-body contacts. Our formulation is based on a fast and
accurate algorithm that computes the normal impulse at each
contact point using decomposition, which is computed using
a contact distribution solver. Next, the frictional impulse for
each contact point is computed using a frictional impulse
solver. Finally, we compute the stable frictional impulse
by coupling the frictional impulse and the normal contact
impulse into a convex space. We have applied our algorithm
to many complex rigid body simulations with thousands
of contact points and can resolve these contacts robustly
at interactive rates. We highlight its improved stability by
comparing the performance between our method, FFD, and
LCP using PGS solver. Overall, our algorithm provides a
realtime solution for complex rigid body simulations with
good accuracy.

The rest of the paper is organized as follows. We give a
brief overview of prior work in Section 2. We introduce our
notation and give a background on FFD in Section 3. Our
new algorithm is described in Section 4. We highlight its
performance on different benchmarks in Section 5.

II. RELATED WORK

Rigid body dynamics has been well-studied in different areas
for more than three decades [30]. In this section, we give a
brief overview of prior techniques for contact resolution in
multi-contact configurations [25].

Multi-body contacts

The penalty force method is one of the simplest models
used for contact resolution [12]. In practice, the penalty
force model suffers from stability problems and can be
extremely sensitive to the stiffness of rigid bodies [24]. Many
techniques have been proposed to improve its stability, such
as continuous penalty forces [27] and handling thin shell
rigid bodies with interpenetration-free guarantees [7]. These
techniques are also used in robotics [13].

The LCP model is widely used for rigid body simulations [2]
and it can compute feasible solutions for contact resolution.
The LCP regards the force at each contact point as an
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(a) (b) (c) (d)

Fig. 1: Four rigid body benchmarks with multi-body frictional contacts: (a) Bar: A rotating cylinder rolling on a wedge
with friction; (b) Stack: Multiple contacts between rolling balls, a bunny, and stacked boards; (c) Chess: 320 chess pieces
falling onto the ground; (d) Cube: 5000 cubes dropped into a box result in 60K contact points. In all these benchmarks,
our algorithm can accurately resolve the contacts with high stability.

unknown and uses appropriate equations to model all the
non-penetration constraints. Overall, LCP corresponds to
complementary problem formulation because it is impossible
for two contacting bodies to have both positive contact
forces and positive relative velocities (i.e. separating from
each other) at the same time. This is referred to as the
Signorini Condition [25], [29]. Many improvements have
been proposed based on the LCP model, e.g., the generalized
reflection (GR) model [23] has been proposed to simulate the
phenomenon of body-detaching after impact. The quadratic
contact energy (QCE) model [33] can be used to evaluate
the energy variations during multi-body impact. In practice,
the LCP model can result in high-quality simulation results.

Given the fact that LCP tends to model a non-linear combina-
torial problem with a linear structure [25], it is expensive to
solve LCP. Some faster techniques have been proposed based
on iterative LCP solvers [21], [11], [6]. Recently Gauss-
Siedel-based splitting methods have been used [8], [29]. With
these methods, the simulation of a large scene with over
10K contact points can be handled. In practice, the accuracy
of these iterative LCP solvers depends on the number of
iterations. Fewer iterations can result in stability problems
and may result in abnormalities such as jitters or crashing.

Friction

Friction is important in terms of contact response in a multi-
contact system with non-smooth modeling [16], [4]. Overall,
frictional force and normal contact force are coupled and
influence each other. Theoretically they should be solved
simultaneously, but in most cases they are processed sep-
arately because solving a coupled problem can be costly
and difficult. For simplicity, the Coulomb friction model
and maximal dissipation law [10] are widely used. Recently,
Todorov proposed a new optimization-based variant of the
maximal dissipation law, which can be solved using the
interior point method [28]. A frictional model for penalty-
based simulation is presented in [32] and can be improved
using an implicit approach to simulate stable penalty-based
frictional contact [31]. A staggered projection method is
described for generating realistic results [15], though its
computational cost is high.

Moreau et al. [20] proposed a model for frictionless multi-
body dynamics according to Gauss’s principle of least con-
straint [19]. Kaufman et al. [14] extended this work and
proposed a new friction computation model by computing
normal impulses that solve the constraints in the configu-
ration space. In their approach, the distribution of contact
impulses on each contact point is approximated by a simple
projection operation. Therefore, the impulse distribution can
only be considered as a rough approximation and may
not be accurate. Because of this approximation, it can be
difficult to simulate detailed frictional phenomena, which
require an accurate impulse distribution. Moreover, solving
the frictional impulse for each object independently by the
maximal dissipation law implies that its relative motion
with respect to other objects is ignored. That may lead to
abnormalities in the resulting simulation. We describe an
approach to address these problems.

III. BACKGROUND

In this section, we introduce the notation and basic concepts
used in the rest of the paper and give an overview of the
FFD algorithm. The details about FFD and the Lie algebra
of SE (3) space are described in [14] and we follow their
notation.

Given a rigid body B, we represent its configuration as
q = (P,R), where P represents the translation of B’s
centroid and R represents the rotation. The term velocity
is called twist in se(3) space, where se(3) is the tangent
space to SE (3). The contact impulses are called wrenches in
se* (3) space, where se* (3) is the cotangent space to SE (3)
We summarize the symbols used in the paper in Table II.

In this table, if = (fr, ft)
T , where fr and ft represent the

impulses that drive the rigid body to rotate and translate
in R3 space, respectively. The variable iΓk is introduced to
connect SE (3) space with R3 space: iΓk = (−x̂k, I), where
I is a unit matrix. A variable in R3 space with a hat on
top of it represents a skew-symmetric matrix, e.g. ∀v ∈ R3,

6421

Authorized licensed use limited to: Peking University. Downloaded on February 10,2021 at 15:52:22 UTC from IEEE Xplore.  Restrictions apply. 



Symbol Description
i i-th object in the multi-body system
k k-th contact point on a rigid body

A(q) an optimized set of contact points
T a constraint space of a rigid body
M inertia tensor of a rigid body
ω an object’s rotation velocity in R3

v an object’s spatial velocity in R3

xk k-th contact point’s position in R3

ẋk k-th contact point’s velocity in R3

fk k-th contact point’s impulse in R3

iφ = (ω, v)T i-th object’s twist
if i-th object’s wrench (contact impulse)
αk k-th contact point’s normal impulse
ir twist variation imposed by normal impulse
if twist variation imposed by total impulse
iΓk equivalent transformation R3 and SE (3)
ink normal of k-th contact point on i-th object

TABLE I: Definitions of basic symbols.

v = (v0, v1, v2),

v̂ =

 0 −v2 v1
v2 0 −v0
−v1 v0 0

 . (1)

Suppose an impulse fk in R3 is applied on xk of a body;
the corresponding wrench of this impulse is given as:

if = i ΓT
k fk. (2)

The velocity in R3 of any point xk of this body can be
obtained from the twist based on

iΓk
iφ = ẋk. (3)

The transformation between the wrench and the twist can be:

if = M−1if, (4)

where M is the inertia tensor of a rigid body. In SE (3), two
arbitrary vectors’ inner product are calculated as

a · b = aTMb. (5)

A. Contact Distribution

The FFD algorithm has two main steps. First the contact
impulses are computed without friction. Next, the frictional
impulses are calculated based on the results from the first
step.

In order to ensure that each contact pair satisfies the non-
penetration constraint, a space T (which is composed of all
feasible twists that have positive relative velocities along the
contact normals) is constructed for each object. According
to the contact model based on Gauss’s principle of least
constraint [20], the value of the contact impulse should be
the minimum that can satisfy the constraint at each contact
point. The twist variation ir is computed as:

ir = iφ+ − iφ−, (6)

where iφ+ = projT (iφ−) ∈ ∂T , and iφ− and iφ+ represent
the twist corresponding to pre-collision and post-collision,

respectively. iφ+ is computed by using the projection op-
eration. Because T corresponds to a a convex space, the
twist iφ+ after the projection is on ∂T , which represents the
boundary of T .

In order to compute the distribution of normal contact
impulses, an approximation is used [14], which applies the
projection of the total contact impulse along normal ink:

αk = inTk M ir. (7)

(a) (b)

Fig. 2: (a) Correct normal impulse distribution; (b) Ap-
proximation using projection along two normals respectively
[14]. if is the composition of contact impulse, and α1 and
α2 are the normal impulses from the two supporting boards
while α′1 and α′2 are the approximations.

This approximation works well in some scenarios. However,
it may not be accurate in many cases [22]. A simple
illustration is given in Fig. 2, where a ball is in a V-shaped
slot composed of two planes in equilibrium under gravity.
Given a resulting contact impulse if , the normal impulses α1

and α2 from the two boards can be decomposed according to
the laws of physics, as shown in Fig. 2(a). The approximation
error can be illustrated intuitively in Fig. 2(b) when using the
projection scheme. The more the normal deviates from the
direction of the total contact impulse, the larger the error.

IV. MULTI-CONTACT FRICTIONAL RIGID DYNAMICS

In this section, we present our multi-contact frictional rigid
dynamics algorithm.

A. Frictional Impulse

To compute the friction impulse, we use a set Sk consisting
of all possible directions of the frictional impulse. The direct
sum of Sk at each contact point in se* (3) forms the set iS of
directions for total frictional impulse and can be calculated
as:

Sk = {sk|sk ∈ R3, sTk nk = 0}, k ∈ A(q),
iSk = M−1 iΓT

k Sk,

iS =
⊕

k∈A(q)

iSk,
(8)

where
⊕

indicates the direct sum. Theoretically, there are
infinite sk in Sk. In practice, we adopt a sampling strategy
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to compute Sk and typically use 4 pairs. The resulting
friction computation is based on the principle of maximal
dissipation [10], the Coulomb friction law, and the non-
penetration constraint as follows:

if = projiS (iφ−),
isTk M if ≤µk

inTk M ir, ∀isk ∈ iSk,∀k ∈ A(q),
inTk M if ≥0,∀k ∈ A(q).

(9)

FFD solves the frictional impulse using Eq. (9), where iφ−

is an independent quantity. Although the frictional force is
not related to the relative motion, the friction computation
needs to consider the relative motion at the contact point
between the two objects. This is because the multi-contact
solver needs to treat them as an integrated system, and not
individually. If the relative motion of object i with respect
to other colliding objects is neglected, this may result in
incorrect results.

(a) (b) (c)

Fig. 3: Illustrations of different frictions between two objects.
Object A falls vertically onto B, but the moving status of B
is quite different in each case as shown in: (a) moving left;
(b) static; (c) moving right. In these cases, A and B have
different relative motions.

A scenario is illustrated in Fig. 3. A falls vertically down on
B under 3 different conditions; the only difference among
them is the relative motion of B. B moves horizontally to
the left (a) and right (c), respectively, and is static in (b). In
these cases, the frictional impulses imposed on A should be
different in each case. However, since the projection scheme
used in FFD is based on Eq. (8) and Eq. (9), the friction
impulses that are applied to A will be the same in each case.
This is because A has the same value of iφ− in each case.
We present a modified algorithm to address this problem.

The overall velocity-level contact simulation of our approach
is shown in Fig. 4. The method comprises of two stages:
collision detection and collision response. After collision
detection, the Contact Impulse Solver can compute the total
contact impulse of each rigid body, followed by three compo-
nents that are needed for our approach. First, an impulse de-
composition algorithm (Contact Distribution Solver) is used
to resolve the accurate distribution of normal contact impulse
αk at each contact point. Next, the Frictional Impulse Solver
can compute the frictional impulse of each contact point.
Finally, the Coupling Solver is used to compute the frictional
impulse by coupling it into a convex space. Finally, the
object’s status is updated by the velocity integral and position
integral.

Collision Detection

Contact Impulse
Solver

Contact Distribution
Solver

Friction Impulse
Solver

Coupling Solver

Collision Detection

Collision Response

Velocity Integral Position Integral

Fig. 4: Overview of our multi-contact algorithm. The novel
components are shown in dashed lines.

B. Contact Decomposition

By using the contact impulse solver, the total contact impulse
ir of a rigid body is computed. In order to compute the
frictional impulse, we first decompose the total impulse and
accurately compute its distribution on the contact points. Our
approach is different from prior LCP and FFD algorithms.
In the LCP method, a set of distributions is considered
according to the non-penetration constraints. The comple-
mentary equations are constructed and used for resolving the
distributions [2], [1]. However, in the FFD algorithm the non-
penetration constraints are satisfied implicitly, as described in
Section III-A, and the resulting algorithm uses the projection
strategy for approximation, which may not be accurate.

In order to compute the contact distribution, we use a con-
tact distribution solver to compute the accurate distribution
of normal contact impulses using an optimization method.
Given an x that includes a set of normal impulses, if the twist
variation ir′ acted by the sum of x equals the twist variation
of a known total impulse ir, then x can be treated as an
accurate normal distribution of the total contact impulse.

A scalar αk is used to represent the magnitude of the twist
variation acted by the normal impulse. We convert the contact
impulse into SE (3) space:

irk = M−1irk = M−1iΓT
k F = M−1iΓT

k nkαk,∑
k∈A(q)

irk = ir′. (10)

Here, ir′ is the twist variation imposed by the distribution of
normal contact impulses. Theoretically, ir′ should be equal
to ir, which is obtained from Eq. (6). Overall, the difference
between ir′ and ir should be minimized:

x = argmin((ir′ − ir)T (ir′ − ir)), (11)

where x =
(
α1 α2 . . . αnc

)T
, nc is the number

of contact points. This equation ensures that x closely
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matches the theoretical distribution by minimizing the error.
According to the definition of ir′, a matrix C is constructed
to separate the known and unknown variables:

C = M−1
(

iΓT
1 n1

iΓT
2 n2 . . . iΓT

nc
nnc

)
, (12)

where C is known and x is unknown. This minimization
equation can be expressed as:

x = argmin(Cx− ir)T (Cx− ir). (13)

By solving this optimization equation, we obtain an accurate
distribution of normal impulses on an object.

C. Friction at the Contact Point

Fig. 5: Illustration of multi-contact handling with relative
motion. 1,2,...k denote the multiple contact points on object
A, respectively. An arrow-line on the contact point indicates
the motion (relative to its neighbor) at that point on A.

According to the Coulomb friction law and the maximal dis-
sipation law [10], the direction of friction tends to oppose in
the tangential direction with relative motion. The magnitude
of friction is no more than the product of a normal contact
impulse with the friction coefficient. A complex multi-
contact example is illustrated in Fig. 5, where the object A
is impacted by several objects with multiple contact points,
with each contact point having a different relative motion
(even including the zero speed at the 3rd contact point). In
the original FFD algorithm, each friction is resolved within
the object itself. In this example, only A is treated as a
single object, following [14]. In contrast, we treat A and its
neighbors (B,C,D) as a combined system and resolve the
friction at each contact point by using the relative velocity
of each point.

Given a contact point k, its relative velocity Vrk is used to
compute the friction’s direction sk. sk should be orthogonal
to the contact normal, nk, and opposite to the tangential
relative velocity. This constraint can be satisfied when sk is
in the opposite direction of Vrk ’s projection on the tangent
plane, which is orthogonal to the contact normal nk. Thus
sk can be computed using the cross product operations:

sk = (Vrk × nk)× nk. (14)

It turns out that directly using the mass matrix of the entire
body at a contact point may not result in an accurate answer.

As a result, we compute the frictional response on each
contact point in a different manner. An impulse in R3 could
affect the twist of an object, and also could change the
velocity of each point on the object via:

if = iΓT
k fk,

if = M−1 if,

∆ẋk = iΓk ∆iφ = iΓk if,
(15)

where fk is the external force imposed on contact point k
and M is the inertia tensor. ∆ẋk represents the velocity
difference after applying fk. According to the laws of
physics:

mk s
T
k ∆ẋk = fk/sk, (16)

where fk/sk on the right side of the equation represents a
pairwise division of each element in the vector fk and sk.
We obtain an equivalent mass for a point on the object with
the given force direction:

mk =
1

sTk
iΓk M−1 iΓT

k sk
. (17)

This equivalent mass mk represents the velocity change of
the contact point when it receives an impulse. For a mass
point, we have the impulse equation I = mk∆ẋk that
is used to compute the impulse through velocity change,
where I is impulse. Similarly, we use the equivalent mass to
compute the maximum frictional impulse that can counteract
the relative motions:

fk = −sTk Vrkmk. (18)

This is the frictional impulse that can maximally dissipate the
energy of motion with tangent relative velocity. According
to the Coulomb friction law, the magnitude of twist variation
fk enacted by friction should be no more than the product
of αk (from contact impulse) and the friction coefficient µ.
Friction formulation can be divided into kinetic friction and
static friction. In kinetic friction, the magnitude of friction is
equal to µαk, which can not dissipate the energy of motion
with relative velocity in the tangential direction. With static
friction, the friction maximally dissipates the energy of the
motion and is still less than µαk. In summary, the twist
variation from a frictional impulse corresponds to the smaller
value between fk and µαk. The magnitude of the frictional
impulse of contact point k in object i can be given as:∥∥fk∥∥real = min(

∥∥fk∥∥, µ ∥∥αk

∥∥). (19)

Along with the frictional impulse on each contact point, the
total frictional impulse can be obtained by the following
summation:

ifk = M−1iΓT
k sk

∥∥fk∥∥real,
if ′ =

∑
k∈A(q)

ifk. (20)
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D. Coupling

Frictional impulses and normal contact impulses should be
coupled in a simulation. The well-known Painleve Paradox is
a good example of this coupling problem [25]. To compute
the exact friction, a coupled implicit equation needs to be
solved, which has a large computational cost. Approximate
methods are often used to satisfy the non-penetration con-
straints for efficiency reasons. As it is difficult to solve
the coupling problem exactly and efficiently, we present an
approximate solution by using a fast projection.

In order to ensure the stability of the simulation, the total
impulses should be restricted in T ; as discussed in subsection
III-A . iφ+ is the projection on T . Therefore, it’s necessary
to make sure that the total frictional impulse is also restricted
in T . if ′ can be projected onto T , and we obtain the twist
variation if acted by the final frictional impulse as:

if = projT (if ′) (21)

The final twist can be computed by the summation:
iφ+ = iφ− + ir + if + εir, (22)

where ε ∈ [0, 1] is the collision coefficient. According to Eq.
(6), iφ− and iφ+ ∈∂T , therefore ir = (iφ+ − iφ−) ∈∂T ,
and if ∈∂T . According to Eq. (22), all variables lie in he
convex space T . As a result, the twist iφ+ is restricted in T .

V. RESULTS AND DISCUSSION

We describe our implementation and highlight the results
on different benchmarks in terms of runtime performance,
accuracy, and stability. All the simulation results are obtained
by running the algorithm on a PC with a 3.00GHz Intel i5-
2320 CPU with 4G RAM, though we also highlight GPU-
based performance for some complex scenarios.

We use six challenging benchmarks to evaluate our approach.
The six benchmarks and their simulation statistics are shown
in Table II. Moreover, different friction phenomena are clas-
sified into static friction, kinetic friction (including slipping
friction, rolling friction, rotating friction), and their coupling.
These benchmarks are: Bar (Fig. 1(a)), Stack (Fig. 1(b)),
Chess (Fig. 1(c)), Cube (Fig. 1(d)), Truck(Fig. 7), and
Basin (Fig. 8). The collision detection implementation is
the same as in [14], though faster algorithms are available
for GPU-based proximity queries [26].

Our approach can simulate many detailed motions that occur
due to friction. In the Bar benchmark, a quickly rotating
cylinder moves towards the wedge and follows a parabolic
trajectory after contact due to friction. Both static friction
and slipping friction are simulated in our approach. In the
Stack benchmark, the bunny slides on a sloping surface. Five
stacked boards that are in equilibrium are placed on the floor
near the lower end of the slope. Three balls with different
rotating orientations fall down the slope simultaneously and
hit this stack of boards. Stack is a rather complicated

benchmark that is used to evaluate the stability of a friction
solver, as discussed in [29]. Without accurate static friction,
the stack may be in unstable equilibrium and collapse. In our
simulation, the equilibrium of this structure is maintained at
the beginning, and the stack only collapses after the balls
and the bunny hit on it.

A. Performance Analysis

A key issue is the computational cost of the contact response
algorithm. In particular, many applications such as haptics or
virtual environments desire interactive performance. Some
iterative solvers like PGS can achieve a higher speed with
fewer iterations, but the accuracy can be low. FFD can be
fast [14], but it fails to compute accurate contact impulse
distribution. Our approach retains the advantages of both
PGS and FFD with high accuracy and low runtime cost. The
overall running time is comparable to FFD, but our contact
resolution algorithm is more stable.

We use the Chess benchmark to compare the efficiency
because it has a large number of contact points during each
timestep. We compare the performance of three algorithms
based on FFD, LCP with PGS solver, and our new algorithm
on the same configurations.

(a) Total timecost
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Fig. 6: Performance comparisons between FFD, LCP using
PGS solver (labeled as PGS), and our approach on the Chess
benchmark.

The difference of the running times is shown in Figure
6(a). PGS is far costlier than our approach and FFD. A
typical iteration count for PGS is five iterations [29]. In
the same benchmark, FFD is much faster than LCP using
PGS. Our approach is slightly slower than FFD, but still
offers interactive performance on these complex benchmarks.
Compared to FFD, our algorithm spends extra time in contact
distribution computation, which improves the accuracy. In
order to simulate such a scenario (with 8K contacts), PGS
based on five iterations takes about 360 ms per timestep,
while our approach only takes 28 ms per timestep.
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Scenario #Objects #Triangles # Contacts Running Time Static Friction Kinetic Friction
Slipping Rolling Rotating

Bar 3 2K 120 2 ms • • × ×
Stack 11 13K 344 5ms • • • ×
Chess 321 236K 8K 28 ms • • • ×
Cube 5001 120K 60K 50 ms • • × ×
Truck 7 19K 52 4 ms • • • ×
Basin 685 1750K 2K 39 ms • • • •

TABLE II: Benchmarks. #Objects refers to the number of 3D rigid objects; # Triangles refers to the number of triangles
in the scene; # Contacts refers to the maximum number of simultaneous contact points that occur during the simulation;
Running Time refers to the computation time for the configuration corresponding to the maximum number of contact points.
The circle denotes that those phenomena are present in that benchmark, while the cross implies that they are not.

We use the Cube benchmark to evaluate the performance in
more complex contact configurations. The number of contact
points is about 60K. In order to simulate at interactive rates,
we use GPU acceleration based on simple parallelization. We
run our algorithm on an NVIDIA GTX550 TI with 192 cores
and our solver takes 50 ms per frame. These benchmarks
demonstrate that our approach has the advantages of both
PGS and FFD. By maintaining the speed advantages of FFD,
our approach has a small runtime overhead. However, ours
is much faster than LCP using PGS.

B. Stability Analysis

Stability is another important feature for rigid dynamics.
Accuracy can partially reflect stability, but is not a sufficient
criterion. Stability often means that the method will not
crash or result in jitters during the simulation of a complex
scene with a large number of objects and contacts. Many
techniques work well on simple benchmarks, e.g. penalty-
based methods, but may not work in complex scenarios with
a high number of contact points. Therefore, penalty-based
methods are less stable.

The Cube benchmark is a challenging task because 5000
cubes are stacked and pressed against each other. The figure
and accompanying video show that our approach is stable
on this benchmark and can correctly handle all the contacts.

C. Detailed Frictional Phenomena

Fig. 7: Truck: Chess pieces fall onto a moving truck with a
sudden stop to demonstrate the relative motion. Ours works
well on this scenario, though FFD would not.

In the Truck benchmark, we demonstrate the improvement
obtained by our algorithm over FFD in terms of frictional
response due to the relative motion, shown in Fig. 7 and the
accompanying video. The scenario is designed as follows:
chess pieces fall onto a moving truck model that has a
sudden stop. In this case, the chess pieces have backward

velocities relative to the truck, which generate forward fric-
tional impulses with a friction coefficient µ = 0.4. With the
exertion of frictional force, these pieces will turn over, rotate,
or slip on the truck. These chess pieces will continue to
move when the truck suddenly stops due to inertia, and all of
them finally come to rest after their kinetic energies dissipate
due to friction. The FFD algorithm cannot reproduce correct
simulation results because it fails to handle the friction
caused by the relative motion. This results in the frictional
impulse being zero because a chess piece has no horizontal
velocity.

Fig. 8: Basin: a snap shot and close-up view.

In the Basin benchmark, hundreds of 3D objects such as
chess pieces, balls, and elephant and armadillo models (un-
dergoing self-rotations) successively fall into the spin basin
with varying angular velocities and bounce back. Moreover,
they bounce due to frictional collision with the spin basin
or other objects. Several types of friction phenomena can be
observed in this benchmark. This benchmark also demon-
strates that the relative motions and the angular velocities
between objects are modeled and handled accurately using
our approach. This way, we can simulate the entire motion
in which the falling objects collide with the spin basin, rotate
along with the basin with friction, and are thrown out of the
basin when the friction forces cannot hold these objects any
more.

VI. CONCLUSIONS AND FUTURE WORK

We present a novel approach for modeling multi-contact
friction for rigid dynamics using impulse decomposition. Our
approach first computes the distribution of normal contact
impulses using decomposition, evaluates the exact frictional
impulse at each contact point, and finally couples them
together. We have evaluated our approach’s performance on
many complex rigid body simulations with thousands of
contact points. Its runtime performance is almost comparable
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to FFD and it can be used for interactive applications. We
observe higher accuracy over FFD.

There are many avenues for future work. We would to handle
breaking objects and articulated models. If we can extend
the approach to satisfy Newton’s 3rd law of motion, we
would like to use it for haptic rendering. We could also
develop improved parallel algorithms and propose a more
complete GPUs-based solution [9] for contact handling in
large models.
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