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Fig. 1. The Glass scene rendered by our approach (CPPM) and APPM [Kaplanyan and Dachsbacher 2013]. This scene includes transparent objects, a glossy
floor, and complex caustics. Both methods render the scene using 10,000 iterations (655M photons), and the bandwidth is initialized by knxn = 10 for k-NN

search. For APPM, MSE=1.369, while for CPPM, MSE=1.047. We illustrate zoomed-in results and their heat map visualization, which show the absolute
difference w.r.t. the reference image, and the blue to red color scale corresponds to a small to large error range. CPPM exhibits better rendering quality.

We present a novel chi-squared progressive photon mapping algorithm
(CPPM) that constructs an estimator by controlling the bandwidth to obtain
superior image quality. Our estimator has parametric statistical advantages
over prior nonparametric methods. First, we show that when a probability
density function of the photon distribution is subject to uniform distribu-
tion, the radiance estimation is unbiased under certain assumptions. Next,
the local photon distribution is evaluated via a chi-squared test to deter-
mine whether the photons follow the hypothesized distribution (uniform
distribution) or not. If the statistical test deems that the photons inside
the bandwidth are uniformly distributed, bandwidth reduction should be
suspended. Finally, we present a pipeline with a bandwidth retention and
conditional reduction scheme according to the test results. This pipeline not
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only accumulates sufficient photons for a reliable chi-squared test, but also
guarantees that the estimate converges to the correct solution under our
assumptions. We evaluate our method on various benchmarks and observe
significant improvement in the running time and rendering quality in terms
of mean squared error over prior progressive photon mapping methods.

CCS Concepts: « Computing methodologies — Rendering; Ray trac-
ing.
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1 INTRODUCTION

Monte Carlo path tracing is widely used to solve the rendering equa-
tion without introducing bias in photo-realistic rendering [Dutre
et al. 2006]. However, this method is not the optimal choice for
accurate lighting simulation, especially for caustics emanating from
small light sources. Photon mapping (PM) can solve the render-
ing equation by simulating the propagation and distribution of
energy through a large number of photons [Jensen 1996]. Compared
to path tracing, PM has many advantages in terms of rendering
caustics and other phenomena caused by light transport in Specu-
lar-Diffuse-Specular (SDS) paths, including lower-frequency glossy
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distribution inside is consistent with a statistical hypothe-
sis, i.e. uniform distribution. The local photon distribution is
evaluated via a chi-squared test to determine whether it is
consistent with the hypothesis or not.

We present a pipeline based on our novel scheme to han-
dle bandwidth reduction and preservation according to the
chi-squared test result. The bandwidth reduction scheme
helps reduce bias while maintaining low variance.

We provide a theoretical analysis of our algorithm's fast con-
vergence and show that it degenerates to SPPM in the worst
case, while it can theoretically converge to the correct value
under our assumptions.

@ (b)

Fig. 2. lllustration of conditions for biased/unbiased estimation. (a) photon
distribution within di erent bandwidths may lead to unbiased/biased re-
sults; (b) a rendering instance corresponding to (a). Uniformly distributed
samples tend to make an unbiased estimation.

2 RELATED WORK

In this section, we give a brief overview of prior works in photon

and di use inter-re ections [Jensen 2001]. However, the variance .
mapping and related areas.

and bias problems that arise due to kernel estimation in PM are
regarded as major issues. One way to alleviate these problems is to . .
use as many photons as possible. However, the memory overhead 2.1 Photon Mapping and Progressive Schemes
can be high, and these artifacts may still exist. Photon mapping (PM) has been widely used to render di erent sce-
Progressive photon mapping (PPM) theoretically solves these narios and phenomena, including participating media [Jarosz et al
problems by gathering in nite photons with limited memory over- ~ 2011], time-varying volume data [Jénsson and Ynnerman 2017],
head, progressively alleviating the bias [Hachisuka e24108]. PPM  and indirect illumination in di use or glossy scenes [Herzog et al
generally launches multi-passes of photons and estimates the radi- 2007]. It calculates hit point for each pixel and sets laandwidthto
ance using progressive bandwidth reduction. There has been con- collect photons located inside it. The region within this bandwidth
siderable work on improving the performance of PPM, including is asearching ared@rogressive photon mapping (PPM) [Hachisuka
Stochastic Progressive Photon Mapping (SPPM) [Hachisuka and et al 2013, 2008] is a popular progressive scheme that uses a pa-
Jensen 2009], Adaptive Progressive Photon Mapping (APPM) [Ka-rameterU to progressively reduce the bandwidth. Stochastic PPM
planyan and Dachsbacher 2013], and other variants [Fu and Jensen(SPPM) [Hachisuka and Jensen 2009] makes it possible to compute

2012; Knaus and Zwicker 2011; Weiss and Grosch 2012].

As the state of the art, APPM obtains an optimal convergence
of bandwidth, which is based on the adaptive estimation of pa-
rameters of local distributions [Kaplanyan and Dachsbacher 2013].
From a statistical view, this is a nonparametric method, which does
not hypothesize about the photon distribution. However, it is also
well-known that nonparametric methods are usually less e cient
than parametric methods when useful prior knowledge is utilized
[Gydr etal.2006]. We nd that a uniform distribution of photons
within the bandwidth may generally lead to unbiased estimation,
as illustrated in Figure 2. Our goal is to design an algorithm that
utilizes this nding by introducing the hypothesis about photon
distribution and statistical analysis of the distribution.

Main Results: We present a chi-squared progressive photon
mapping algorithm (CPPM) that uses the chi-squared test [Bagdon-
avicius and Nikulin 2011] to nd a bandwidth such that the photon
distribution is consistent with a uniform distribution hypothesis and
leads to a feasible estimation of radiance. If such a bandwidth for a
pixel is determined, its bandwidth can remain unchanged while the
radiance estimation still theoretically converges to the true value.
The main contributions of our work include:

We prove that the probability density function of the pho-
ton distribution subject to a uniform distribution would the-
oretically result in an unbiased estimator under our loca-
tion-independent assumption.

We propose a progressive approach that can nd a xed band-
width to achieve high-quality rendering when the photon
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an accurate average radiance value in a region (pixel's measurement)
using multiple distributed ray tracing passes.

In general, reducing the bias (visual blur) or variance (visual
noise) to yield a high-quality image can be challenging in photon
mapping. There is a considerable amount of work on improving
rendering performance on photon density estimates [Hachisuka
et al 2013]. Hachisuka et al. [2010] presented a quantitative error
estimation framework for photon density. Fu and Jensen [2012]
described an adaptive noise reduction technique. Schregle [2003]
presented a bias compensating operator that adapts the bandwidth
to the photon distribution. Knaus and Zwicker [2011] presented
a probabilistic derivation that includes convergence analysis for
variance and bias. Kaplanyan and Dachsbacher [2013] deduced an
optimal parameter ofJ = 23 for pixel measurement estimation
to minimize asymptotic mean squared error (AMSE) and proposed
adaptive PPM that optimally balances bias and variance to minimize
overall error based on approximations. These methods can analyze
the bias and variance and improve the accuracy of the radiance
estimate. We also try to improve convergence and performance of
PPM by reducing bias and variance.

2.2 Other Improvements on Photon Mapping

PPM has also been extended to handle dynamic scenes [Weiss
and Grosch 2012], integrated with bidirectional path tracing into a
framework using vertex connection and merging (VCM) [Georgiev
et al. 2012] or uni ed path sampling (UPS) [Hachisuka et 2012],
integrated with Markov Chain Monte Carlo methods ['ik et al



2016], used with out-of-core distributed processing [Giinther and
Grosch 2014], and used as a temporal estimator for transient ren-
dering [Jarabo et al. 2014].

Some considerations of photon gathering include a hierarchical
algorithm used to compute the radiance from a photon map [Spencer
and Jones 2009a], GPU-based spatial data caching and interpola-
tion [Wang et al 2009], and unbiased photon gathering [Qin et al
2015]. Photon tracing techniques can result in uniform relative er-
ror in the radiance estimate [Chen et.#011; Gruson et aP016;
Hachisuka and Jensen 2011]. Optimized emission strategies can
automatically guide photons towards regions and provide substan-
tial variance reduction [Grittmann et a018]. Photon relaxation
methods are used to remove noise from photon maps and to mini-
mize the residual bias [Spencer and Jones 2009b, 2013a,b]. Di erent
Iter kernels [Hernandez et al2014], varying bandwidths [Schregle
2003], adaptive kernel shapes [Schjgth 2009], and boundary bias
removal [Havran et al2005] have also been proposed for radiance
estimates. Jakob et al. [2011] used a Gaussian mixture model to e -

CPPM: Chi-squared Progressive Photon Mapping 240:3

our hypothesized distribution. Under this condition, this band-
width should not reduce.

Next, the key issue is to nd an e ective solution for iden-
tifying whether the photon distribution is consistent with
the hypothesized distribution or not. To this end, we use a
chi-squared test to perform hypothesis testing on the photon
distribution within the bandwidth (Section 5).

The bandwidth should reduce when the chi-squared test
deems the photons are not consistent with hypothesized uni-
form distribution. However, prior reduction schemes can not
work well with this test. Therefore, we propose a novel re-
duction scheme that guarantees that the estimate converges
to the correct value under our assumptions. (Section 6).
Based on these principles, we present a novel pipeline of
our progressive photon mapping algorithm that takes into
account the pixel measurement estimation, the chi-squared
test, and the bandwidth reduction scheme (Section 7).

ciently create noise-free renderings. Zhu et al. [2020] applied deep 4 THEORETICAL FOUNDATION

neural network to predict a kernel function to aggregate photon

In this section, we start from a formulation of the pixel measurement

contributions for radiance estimation. In contrast to these meth- astimation and its unbiased condition within a bandwidth; then we

ods, we aim to improve the rendering performance by nding a
bandwidth with low bias and variance.

present the photon density function for multiple hit points based on
a uni ed space; nally, we propose a su cient unbiased condition

for radiance estimation under our assumptions.

3 MOTIVATION AND RATIONALE

4.1 Pixel Measurement Estimation

Conventional progressive photon mapping formulations assume
that the estimation can only converge to the true pixel value when
the bandwidth converges to zero and the cumulative number of
photons is unlimited [Hachisuka et a2008]. APPM [Kaplanyan and
Dachsbacher 2013] presented the optimal bandwidth convergence
rate$ 1# 1 in terms of asymptotic MSE (AMSE), as well as the
computation of the optimal bandwidth by estimating variance and
bias during each iteration with approximations. However, the esti-
mated variance and bias may not provide su cient accuracy when
the sample size is not big enough, which limits its performance.

If the radiance estimation is unbiased within a xed bandwidth, i.e.

estimated using an in nite number of photons can still converge to the
true value according to the Big Number Theory, even if this bandwidth
does not converge to zéBased on this principle, a key aspect of
our approach is to determine whether a bias-free region with a
bandwidth can be found (illustrated in Figure 2). Our solution to
nd such bandwidth is to progressively reduce the bandwidth, and
suspend the reduction based on thki-squared testvhich can be
used to evaluate the property of photon distribution. In the eld
of statistics, this test can evaluate the goodness of t between an
observed distribution and a hypothetical probability distribution
[Cochran 1952].

We organize the exposition of our approach as follows:

We rst set up the theoretical basis of the radiance estima-
tion of our algorithm (Section 4). We argue that if the photon
distribution within the bandwidth is consistent with uniform
distribution, the pixel measurement estimation is unbiased
under our assumptions. The uniform distribution serves as

The pixel measurementin photon mapping can be estimated by
kernel estimation, as proposed in APPM [2013] :

130
o 81® Q'ng'g (1)
81 %1

where "is the estimate of the pixel measurement# is the number
of hit points of a pixel; is the size of the photon map per iteratiohg
is the bandwidth at theBth iteration;: : ; is a normalized function
with bandwidth ' g; @ is the location of the hit point;®.gis the
. . location of the93th photon in the8th photon map; andsg.ds the
the expected value of the estimate equals the true value, the radlancceontribution of the full path constructed between the eye sub-path
ending at® and the light sub-path ending a®.gkg.gincludes
various factors such as BRDF value, contributions of the sub-paths,
and other possible factors [Kaplanyan and Dachsbacher 2013].

We make a location-independent assumption to regulagegi.e.
we assume thaltg.gis independent of the location of the photon
®.dor any hit point & This assumption can help to obtain a theo-
retically unbiased condition, which will be analyzed and discussed
in Subsection 4.3. Similar to conventional methods, an isotropic and
circular on-surface kernel function and a planar assumption of the
searching area [Hey and Purgathofer 2002] are used. In addition,
we assume that any two hit points are independent, and any two
photons are also independent.

From Eq. (1) and according to the principle in Section 3, having a
bias-free bandwidth for the pixel measurement should satisfy

160
=ER L@ Beksde @
81 %1
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Fig. 3. lllustration of di erent hit points' searching areas being aligned to
a unified domain - . All the photons inside the corresponding searching
areas are also mapped to this unified space.

where » Y¥indicates the expectation of expressien

Eq. (2) refers to the estimation of a probability density function
based on statistical sampling. To take advantage of the uniform
distribution of photons as illustrated in Figure 2, we transform the
sampling of photons in Eg. (2) to an integration of the photon density
function as 4

IR @@ @G@de -

167
#

= ®3)
g1 M

whereM is the manifold of the all scene surfacesR¥; ? is the
photon density function corresponding tog.dn Eg. (2), and ‘@& ®
indicates the contribution of all possible full paths constructed by

the eye path ending a® and the light paths ending a®

4.2 Density Function in Unified Space

Giventhatthe# hitpointsin Eq. (3) are located at di erent positions,
their associated searching areas also do not coincide. Therefore, we
construct a uni ed space with a uni ed domain - onit, and we
then align di erent hit points to the origin of this 2D space and
their searching areas to this uni ed domain- . This process can
be treated as a conversion from the scene space to a uni ed space,
as illustrated in Figure 3. A positio@®within the searching area of
@& can be mapped t&2 - through

@ = 1D Tl - I® Gy ° )
where® and® are two orthonormal bases speci ed on the tangent
plane at hit point®, andhe i indicates the operator of the inner
product.

Then the photon density function ove@®'s searching area is
mapped to be a functio®g over

@@ @0 =10n, B, & ()
Speci cally, 81® = ?1@P. Function@ over - is an aligned 2D

form of the PDF centered &®.
Similarly, '@ ® is also mapped to the uni ed space as

egr@ S @ = @@, R, & (6)

After the # photon density functions are aligned, we de g
the average photon density function (APD¥r - as

16
nab= L epad

81

7
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4.3 Unbiased Condition

The condition for a bias-free bandwidth in Eq. (3) can be transformed
to an integration over the uni ed domain by Egs. (5), (6) as
#

1

E

1@
o 1(593E 85 @Pegi@Pd@

&1

(8)

Under the location-independent assumptid®s'@® becomes a
constant function for a given hit poin® becauseg!@® is inde-
pendent to the locatior® We can then také&g'@P outside of the
integration, and by applying Eq. (7), we have

1

©
E e E e

9)

If APDF is a constant function, i.8:@ 7 @& , then
1

h i
E L 1@d@ E7 E € 7

= (10)
Obviously, the rst term on the right side equals one. Note that
since the expected value of a radiance estimate with an in nitely
small kernel bandwidth corresponds to the exact radiance [Knaus

(11)

whereXis the Dirac delta function. Eq. (11) explains that Eq. (10)
is true. In summary, the pixel measurement estimation is unbiased
if APDF is a constant function (uniform distribution of photons)
under our assumptions. We provide a detailed proof in Appendix A.

In general, radiance over a surface is mainly determined by the
photon density. Therefore, when the photons are uniformly dis-
tributed within a relatively small region, the contributions of the
constructed paths are usually close and can be approximately treated
as irrelevant to the photons' locations. Consequently, when the
APDF is a constant function, the location-independent assumption
is usually tenable. However, there still exist some special cases in
practice in which this location-independent assumption may be
violated. As a result, bias may be introduced in these cases. We will
discuss these cases in Subsection 9.4.

5 PHOTON DISTRIBUTION EVALUATION

In this section, we present techniques to determine whether the
photons satisfy the constant condition of APDF.

5.1 Chi-squared Test Overview

We use the chi-squared test to evaluate the property of photon distri-
bution through an evaluation of the goodness of t. The chi-squared
test can evaluate the goodness of t between an observed distribu-
tion and a hypothetical probability distribution [Cochran 1952]. It
rst sets up anull hypothesisi.e. there imodi erence between the
observed distribution and the hypothetical probability distribution.
Next, it calculates a statistic (chi-squared statistic) based on the
observed distribution to decide whether to reject the null hypothe-
sis. Compared to other goodness of t tests, including the KS-test
(Kolmogorov Smirnov test) and the Cramér von Mises criterion



(a) Reference (b) SPPM (c) APPM (d) CPPM

Fig. 4. Validity of photon alignment on a curved surface (Torus). We high-
light the adaptive bandwidth (bo om row) computed by CPPM with be er
results (error visualization in the middle row). The black to white color scale
corresponds to a small to large bandwidth range.

[Stephens 1974], the chi-squared test is lightweight because it does

not require an empirical distribution function of the samples.

5.2 Photon Projection and Alignment

To perform the chi-squared test on the accumulated photons within
a bandwidth, all the photons in multiple searching areas should be
aligned to the uni ed domain ' according to the conversion in
Subsection 4.2 as illustrated in Figure 3.

Given that the photons associated with a hit point can be located
on curved surfaces, the photons should rst be projected to the
tangent plane of this hit poin® according to the planar assumption.
Each projected photon maintains its attributes, including orientation
and distance, with respect to hit point, as well as its contribution to
the radiance. We then align these projected photons to the uni ed
domain ' by Eq. (4). The above process can handle the photon at
any position in the scene space regardless of whether the surface
is at or there is occlusion due to the projection. Taking a Torus
scene as the example, we show our strategy is workable for the
curved surface and can compute an appropriate bandwidth with
better results, as shown in Figure 4. We provide a formulation of this
process that combines the projection and alignment of the photons
in Appendix B.

5.3 Chi-squared Test over Photon Distribution

In this section, we explain how to perform the chi-squared test,
including how to calculate the chi-squared test statistic and when to
reject the null hypothesis. The null hypothesis of the chi-squared test
in CPPM is that there is no di erence between the aligned photons
and uniform distribution, i.e. the APDF is a constant function.

The chi-squared test requires grouping the samples into cate-
gories. To this end, we rst partition the uni ed domain  into
=p concentric annuli of equal areas. Next, we further partition each
annulus into=g sectors of equal areas, as illustrated in Figure 5. The
e ect of di erent values of =g and=g will be discussed in Subsec-
tion 9.3. Using equally sized sectors makes it easier to compute the
sector to which each photon belongs. Other partitioning schemes
can also be used if the sector size is not too small.
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Fig. 5. Disc shaped domain: with bandwidth ' g (le ); partitioning of
this disc into annuli with equal areas, and then further partitioning of
annuli into sectors with equal areas (middle). When reducing the bandwidth,
our method tests the distribution in every sub-disc (concentric discs with
di erent radius), finds one (green region) not rejected by the chi-squared
test, and assigns its radius to the bandwidthg ;3 (right).

The value of the chi-squared test statistic is
j2=63 Ce 1$0-B "o O.BpZ =63 Ce $g-B
0=1B=1 )

(12

? 0B

5 m
7 0B 0=1B=1 °

where" is the total number of photons collected in: ; ?p.gis the
expected probability of th&th sector of the0-th annulus under
the null hypothesis, ané o.sis the number of photons in th&th
sector of thed-th annulus." , ?p.sand$p.pare shared by multiple
hit points of a pixel. When all sectors have the same area and the
null hypothesis is that the average photon density function is a
constant function ?p.gis simplyleB. The chi-squared test statistic
approximately follows the chi-squared distribution withrp=g  1°
degrees of freedom if the null hypothesis is true.

A predetermined signi cance levelj (typically 005 is used to
decide whether to reject the null hypothesis. The quantite U ©
of the chi-squared distribution with=g=g 1° degrees of freedom
is taken as a critical valug, , i.e. the probability thaiX larger than
2 isU; , whereX is a random variable following the chi-squared
distribution with *=p=g  1° degrees of freedom. The chi-squared
test statisticj 2 is compared to the critical valug . If j 2js larger
than2; , the null hypothesis is rejected. Otherwise, the chi-squared
test does not reject the null hypothesis, and the distribution within
this bandwidth is deemed to make an unbiased estimation under
our assumptions.

6 PROGRESSIVE BANDWIDTH SCHEME

In this section, we introduce a novel bandwidth strategy based on
the results of the chi-squared test in Subsection 6.1. Accordingly,
we set a photon count lower bound for the bandwidth in Subsec-
tion 6.2, which can guarantee in nite photons being collected pro-
gressively for radiance estimation as well as su cient photons for
the chi-squared test.

6.1 Bandwidth Reduction

The result of the chi-squared test will be either "rejecting the null
hypothesis" or "not rejecting the null hypothesis," as described in
Subsection 5.3. If the test fails to reject the null hypothesis and
deems that the estimation is unbiased, the bandwidth should re-
main unchanged. Otherwise, the bandwidth should be reduced to
eliminate bias.
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Fig. 6. lllustration of bias variation along with changing of the bandwidth
in kernel estimation, taking the green point in the le figure as the central
point. Compared to SPPM, CPPM can reduce its bandwidth to the largest
possible bandwidth that can make bias-free estimation at t&¢h iteration.

To determine a new bandwidth for the next iteration, an additional
chi-squared test is performed on easlib-disdn using the
statistics of the previously collected photons. In order to nd an
ideal bandwidth as soon as possible, the bandwidth is reduced using
the following scheme.

If any of the distribution within a sub-disc is not rejected by
the chi-squared test, we select the largest of the sub-discs not
rejected by the test and assign its radius as the new bandwidth
for the next iteration (right of Figure 5). The bene t of this
approach is illustrated in Figure 6, and the reduced bandwidth
can obtain a bias-free result while helping reduce the variance
due to a relatively large bandwidth v(\ihen compared to SPPM.
1

Our reduction rat€ g 1¢' gis at least
If none of these distributions passes the test, we reduce the
bandwidth in a novel way. Here, we introduce a new parame-
ter: (constant) to regulate the next bandwidth as:

'§1=:' % 0Y: VY1 (13)
Generally, controls the r%e of bandwidth reduction with
a reduction rat€' g 1*' g = ©. A smaller: is appropriate
for reducing the bandwidth quickly but may also lead to an
increase in variance due to an insu cient number of photons.
We will theoretically analyze the convergence of our approach
as a function of in Section 8, and discuss the selection of

empirically in Subsection 9.3.

After the new bandwidth is determined, we discard the statistics
of previously collected photons and partition the new domain, , .

6.2 Constraint on Photon Accumulation

Our method should follow the general rule théte number of ac-
cumulated photons should incretsguarantee convergence. Fur-
thermore, the chi-squared test also requires su cient photons to
ensure its accuracy. Therefore, a certain number of photons needs to
be accumulated before the chi-squared test is performed. However,
when CPPM decides to ra(M:e the bandwidth, the reduction rate

"g 1" gis atleastmin e 1 according to Subsection 6.1. This

is very aggressive if the bandwidth keeps reducing continuously.
In order to satisfy the convergence rule mentioned above, we set
a progressively increasing lower bound on photon accumulation. It

Zehui Lin, Sheng Li, Xinlu Zeng, Congyi Zhang, Jinzhu Jia, Guoping Wang, and Dinesh Manocha

Fig. 7. Our pipeline with the novel modules highlighted. The chi-squared
test is activated only if enough photons are collected, and the bandwidth
reduction occurs only if the chi-squared test rejects the null hypothesis.

test will be performed only when the number of photons collected
within the current bandwidth exceeds this lower bound.

We denote the lower bound as and introduce a parametev
to control the increment of to guarantee convergence. For a hit
point, the lower bound at th&th iteration is g, and successiveg 1
is given as

g if ' gis xed in the i-th iteration;
g§1= e ) o (14)

V g if' gisreduced in the i-th iteration,
whereVis a user-prede ned parametey.j 1can guarantee in nite
photons being collected for radiance estimation. is set to: g4 of
: -NN search to trigger the chi-squared test at the very beginning.

We will analyze the convergence of our algorithm dueheo-
retically in Section 8 and discuss the selectionoémpirically in
Subsection 9.3.

7 ALGORITHM AND IMPLEMENTATION

Based on the aforementioned chi-squared test on the photon distri-
bution and bandwidth strategy, we present our chi-squared PPM
(CPPM) algorithm in this section.

7.1 Pipeline

The overall pipeline of the CPPM method is illustrated in Figure 7.
Each iteration starts with areye pas§i.e. ray tracing) to obtain a
hit point for each pixel, followed by ghoton tracing and collec-
tion module, where a new photon map is generated; photon col-
lection is then performed. The two highlighted modulgshoton
distribution chi-squared tegtee Section 5) arfiandwidth reduction
(see Section 6), are the two novel components in this pipeline. The
chi-squared test will be activated only if a certain number of photons
has been accumulated within the same bandwidth, as discussed in
Subsection 6.2. Otherwise, the algorithm will jump from photon
collection directly to a ux accumulationmodule while keeping
the bandwidth unchanged. Meanwhile, if the chi-squared distribu-
tion does not reject the null hypothesis, the pipeline will also skip
over thebandwidth reductioto a ux accumulationmodule with-

is also used as a necessary condition for the chi-squared test, i.e. the out bandwidth reduction. Each pixel will be re-traced regardless of

ACM Trans. Graph., Vol. 39, No. 6, Article 240. Publication date: December 2020.



the bandwidth reduction in thalistributed ray tracing pas€onse-
quently, a new hit point associated with the corresponding pixel
will be generated in the next iteration. During each iteration, the
pixel measurement estimatiorodule can synthesize the rendering
results using Eq. (1).

In prior SPPM algorithms, the bandwidth is updated during each
iteration. In contrast, the bandwidth reduction in CPPM happens
only if the chi-squared test rejects the null hypothesis. Our method
continues to collect photons and then checks for photon distribution
even though the test failed to reject the null hypothesis in last itera-
tion. Since any false null hypothesis will be rejected using in nite
samples [Cochran 1952], our method can progressively reduce the
probability of not rejecting a false null hypothesis.

7.2 Photon Collection

An extra data module is required to perform the chi-squared test
for each pixel other than the conventional setting in SPPM. Ac-
cording to the method discussed in Subsection 5.3, the number of
photons accumulated within the bandwidth and within each sector
should be stored. Particularly, we discard those photons with zero
contribution.

Speci cally, we use two types of photon counters for each pixel
in CPPM: one is to record the total number of photons in the current
bandwidth, which is used to determine whether a su cient number
of photons has been collected; the other one is to record the number
of photons in each sector for the chi-squared test statistic (Eq. 12).
Therefore, only additional=g=g, 1° integers are required for each
pixel, and the additional memory overhead (generally 1020% in
di erent scenes over SPPM) is constant during all these iterations.

8 CONVERGENCE ANALYSIS

Generally, the chi-squared testis assumed to produce a correct result,
i.e. atrue null hypothesis is never rejected by the chi-squared test,
while a false null hypothesis is always rejected. We rst analyze the
worst case: the null hypothesis is always rejected, i.e. CPPM fails to
nd a desired bandwidth and the bandwidth keeps reducing. Next,
we analyze the opposite case in which we can nd the bandwidth
that satis es the hypothesis.
If the null hypothesis is always rejected, i.e., CPPM fails to nd

a bandwidth that satis es the hypothetical model, the bandwidth
will keep reducing and converge to 0. According to our progressive
bandwidth scheme, the bandwidth convergence can be given as

|
1 1’
. élog.yf

#

$ #

(15)

We give a detailed analysis in Appendix CMf 1 =:Y, this band-
width convergence is asymptotically equivalent to that of SPPM,
whichis$ # 'Y 12 according to [Knaus and Zwicker 2011].

We adopt the de nition of the average radiance estimation error
ng from Knaus and Zwicker [2011]. Based on their probabilistic
framework, we can derive the convergence rate of bias and variance
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from the convergence rate of bandwidth: |

2 = oay Vi
= 1/;5 IO’: ) (16)
3¢ g V=1
N
Vanng ve$ # 12 =g 4 00T 17)

Speci cally, the variance does not convergeMf= 1. Based on the
analysis in [Kaplanyan and Dachsbacher 2013] and the formulas
in Egs.(16,17), the optimAMSE»: ¥/can be obtained i¥arny V=

E>ny %4, which requiresv = 3,

3

AMSBE} Ve $ # (18)

We get the same optimal AMSE convergence rate as SPPM/APPM,
when we have the same optimal bandwidth convergence rate.

If the chi-squared test does not reject the null hypothesis, based
on our assumptions given in Subsection 4.1, the pixel measurement
can be estimated in an unbiased way, while the bandwidth does
not reduce. Therefore, the estimator becomes a pure Monte Carlo
estimator, and we hav¥arng Y= $# 1°and sy ¥~ 0. Based
on the analysis in [Kaplanyan and Dachsbacher 20B3IISE»}; Va
can be approximated as

1
AMSB}: Ya 7 vara! v Bgyavanny YVa By Y20

=gy lov (19)
This indicates that CPPM can theoretically converge and achieve
very fast convergence even if the bandwidth does not reduce.

Although CPPM degenerates to SPPM in the worst case, we still
bene t from the situation when the samples are consistent with the
null hypothesis. Although the chi-squared test cannot be expected to
always produce correct results, our experimental results (Section 9)
demonstrate that this test is quite reliable in practice.

9 EXPERIMENT AND DISCUSSION

In this section, we provide experiments and results on various bench-
marks and make comparisons between CPPM, SPPM [Hachisuka
and Jensen 2009] (baseline), and APPM [Kaplanyan and Dachs-
bacher 2013] (state of the art). In addition, we discuss the e ect of
the parameters related to CPPM in the experiment, including initial
value € ## ), convergence rate related parametevsafd: ), domain
partition (=p, =g), and test signi cant levellj; ).

9.1 Seings

In total, we use 11 benchmarks to evaluate the performance. The
Box, Dining Room, Glass, and Water scenes are rendered based on
the Mitsuba renderer [Jakob 2010], while others are rendered based
on NVIDIA OptiX 6.0 [Parker et al. 2010], which demonstrates the
compatibility and availability of our method. Mitsuba runs on an In-
tel(R) Xeon(R) Silver 4210 CPU on a Linux System, while OptiX runs
on an NVIDIA GeForce RTX 2080 GPU with an Intel(R) Core(TM)
i7-8700 CPU on a Windows system.

The initial bandwidths for the SPPM, APPM, and CPPM are de-
termined by setting ## = 10using: -NN search [Hachisuka and

ACM Trans. Graph., Vol. 39, No. 6, Article 240. Publication date: December 2020.






	Abstract
	1 Introduction
	2 Related Work
	2.1 Photon Mapping and Progressive Schemes
	2.2 Other Improvements on Photon Mapping

	3 Motivation and Rationale
	4 Theoretical Foundation
	4.1 Pixel Measurement Estimation
	4.2 Density Function in Unified Space
	4.3 Unbiased Condition

	5 Photon Distribution Evaluation
	5.1 Chi-squared Test Overview
	5.2 Photon Projection and Alignment
	5.3 Chi-squared Test over Photon Distribution

	6 Progressive Bandwidth Scheme
	6.1 Bandwidth Reduction
	6.2 Constraint on Photon Accumulation

	7 Algorithm and Implementation
	7.1 Pipeline
	7.2 Photon Collection

	8 Convergence Analysis
	9 Experiment and Discussion
	9.1 Settings
	9.2 Results
	9.3 Parameters and Discussions
	9.4 Discussion

	10 Conclusion, Limitation, and Future Work
	Acknowledgments
	References
	A Unbiased Pixel Measurement Estimation
	B Photon Projection and Alignment
	C Bandwidth Convergence Analysis

